A mathematical model to simulate microbial growth and lag time is proposed in the present work in accordance with Sengor et al. (2009) . The model is verified experimentally for a mixed microbial culture growing at metal free and at Cr(III) or Cr(VI) contaminated environments. The model is further verified using a monoculture of Pseudomonas sp. growing at metal free and Zn(II) contaminated environment. The effect of temperature on microbial growth and lag is also simulated by the model. The simulation results show for the mixed culture that growth rate decrease with parallel increase in lag time, with the rise of either Cr(III) or Cr(VI) concentration. For Pseudomonas sp., the simulation indicated that there is almost nil lag time for growth at 35 ºC, while approximately 10 h lag time is calculated for growth at ambient temperature (20 ºC). The lag time increases by approximately 6 more hours when 0.01 mM Zn(II) is added in the growth medium (at ambient temperature). The increase of lag time with temperature reduction is explained by the fact that the biochemical reactions are slowed down at lower temperatures. A good correlation between model predictions and simulation results is observed.
INTRODUCTION
Addition of trace amounts of heavy metals to the environment of microbial cells often stimulates microbial growth (Gikas, 2007; 2008) . However, higher concentrations result in severe reduction of microbial activity, which is reflected by reduction of the apparent growth rate and increase in lag time. Heavy metal toxicity on microorganisms has been modeled previously by Utgikar et al. (2003) who studied the effects of Cu and Zn ions toxicity on sulfate-reducing bacteria. The authors considered constant biomass batch reactors (no net growth), and expressed initial cell death as a decreasing function of the heavy metal concentration. However, the authors (Utgikar et al., 2003) did not consider lag in degradation kinetics. Markwiese and Colberg (2000) have proposed a nonlinear regression model relating the lag time for an Iron-Reducing bacteria, but their work is mostly relevant for heavy-metal contaminated anaerobic sedimentary environments.
Heavy metals-induced delay in the increased in metabolic activity in response to substrate arrival, as well as oxygen mass transfer limitation during active aeration has been incorporated into microbial kinetics models by Sengor et al. (2009) . Their model was extended from Ginn (1999) and Wood et al. (1995) by including the effect of heavy metals on the delayed microbial response to substrate appearance by developing an inhibitor-dependent metabolic potential functional to account for the metabolic state of the microorganisms. The concentration of the heavy metal was explicitly incorporated into the metabolic potential functional. In the present study, the validity of this model is further tested using three sets of experimental data. The first two sets deal with the growth of a mixed microbial culture growing on a carbon rich biomedium, at the presence of metal free and Cr(III) or Cr(VI) contaminated environment. The last set deals with the growth of a monoculture of Pseudomonas sp. growing at sterile conditions, at metal free (at two different temperatures) and at the presence of 0.01mM Zn(II). The model takes into account the effect of oxygen transport via diffusion, by introducing an interphase transfer flux proportional to the disequilibrium from Henry's law dictating equilibrium concentrations in aqueous (growth medium) and air (headspace) phases in accordance with Sengor et al. (2009) .
MODEL FORMULATION
The proposed growth kinetics (Equations 1-4), including metabolic lag and oxygen diffusion in the aqueous phase are based on classical dual-Monod growth kinetic model. 
Where K(τ,C) is the memory, or kernel function defined as:
Where:
is a smoothed heaviside function as described by Ginn (1999) . The metabolic potential functional, S,C λ ⎡ ⎤ ⎣ ⎦ , is extended from Ginn (1999) and Wood et al. (1995) . This functional dates back to Powell (1967) and is originally cast as a representation of the history of exposure of microbes to substrate S. S * is a threshold indicator function that reflects ambient trophic conditions. S*(t) = 1 if the substrate concentration at time t exceeds that needed to initiate transformation of resting cells to active state, and zero otherwise. The kernel function can take many empirical forms but in all cases dictates the kinetics of transformation of cells from resting to active states (and vice versa). In particular this kernel includes a lag that is dependent on the local heavy metal concentration C. An initial lag of length ' C α during which there is no increase in metabolic activity is then followed by a rampup interval of length ∆ during which metabolic activity rises to unity. The metabolic potential is quantified in this way by use of a convolution (Equation 5 ) between historical substrate concentration and a memory kernel function that is a uniform distribution that begins at time ' C α and lasts until time ' C α + ∆, where α is the lag parameter and ' C is the difference between the local metal concentration and a threshold metal concentration, above which metabolic change is induced and below which it is not. The integration in (5) is over history, i.e., time before present, indicated by ∆. The lag parameter α is fitted to data per metal, while the ramp-up interval ∆ is taken to be 4 hours for all experiments.
The simulations demonstrate the ability of a simple linear lag model to reflect impacts of toxic chemicals such as excess heavy metals. In all experiments analyzed here the effects of three metals species (Cr(III), Cr(VI) and Zn(II)) applied individually were essentially captured in terms of increased lag, and yield coefficient. The model developed here helped identify this parsimonious expression of the kinetics on metals, but was also able to accommodate dependencies of other kinetic parameters such as specific growth rate on dose of toxic materials.
MATERIALS AND METHODS

Experimental set-up for the mixed microbial culture growing at the presence of Cr(III) and Cr(VI)
The mixed microbial inoculum was collected from the aeration tank of the wastewater treatment plant of Athens, in Psyttalia Island. The microbes were grown in a batch system with continuous aeration, on a carbon rich medium. Calculated amounts of either Cr(NO 3 ) 3 or K 2 Cr 2 O 7 were added in the growth medium, to yield final concentrations of 5, 10, 20, 30, 40, 80 and 160 mg l -1 of Cr(III) or Cr(VI), respectively. Dextrose, peptone and yeast extract (at a weight ratio 2:3:2) were used as carbon source in the biomedium. The experimental setup, biomedium composition, and analytical techniques have been described elsewhere (Gikas and Romanos, 2006) .
Experimental set-up for the monoculture of Pseudomonas sp growing at the presence of Zn(II)
The Pseudomonas sp. used in the present experiments had been isolated from the hot springs of the Yellowstone National Park, Wyoming, USA. Cells were grown in 100 ml shake flasks, mounted on a rotary shaker; at maximum, 1:3 of the flask volume was occupied the biomedium. Experiments were carried out in sterile conditions, at ambient temperature (20 ºC). Cells were grown on a carbon rich, defined medium (Moberly, 2006) , using glucose as sole carbon source and with the calculated amounts of zinc (as ZnCl 2 ) added. The amount of oxygen in the headspace was sufficient for the compete conversion of glucose to carbon dioxide. Optical density of the culture was measured using a Genesys™ 10 Series Spectrophotometer (Thermo Electron Corporation, USA).
RESULTS AND DISCUSSION
Exposure of mixed microbial culture to Cr(III) and Cr(VI)
The model formulation for the microbial metabolic lag as a functional of the history of the heavy metal concentration is applied for the growth of the mixed culture, as it is described in paragraph 3.1. The experimental and model predicted biomass concentrations for the mixed microbial culture in the presence of the above concentrations of Cr(III) and Cr(VI) are depicted in Figures 1 and 2 , respectively. It is seen from Figures 1 and 2 that exposure of microorganisms to increasing levels of either Cr(III) or Cr(VI) results to the reduction of total biomass concentrations as well as to increase of the relative lag times. This increase in the lag times is simulated by the use of the metabolic potential functional λ, where the lag times are obtained to be 3. 5, 3.7, 4.0, 4.4, 4.7, 6 .0 and 9.0 h for 5, 10, 20, 30, 40, 80 and 160 mg l -1 Cr(III), respectively ( Table 1 ). The kinetic parameters in the presence of Cr(VI) have been calculated similarly as for Cr(III) (They are not presented here). In the presence of Cr(VI), the yield coefficients are slightly lower and the lag times are slightly higher, compared to the ones in the presence of Cr(III), probably reflecting the relatively higher toxicity of Cr(VI) to the microbes (Gikas and Romanos, 2006a; 2006b) . At the Cr-free control cases, there still exists a lag time (lag parameter of length 3.0 h), which may be attributed to delayed metabolism of the substrate just after inoculation, as during this period of time the cells are transformed from dormant to active (Wood et al., 1995) .
The kinetic parameter values used in modeling the biomass concentrations, in Equations (1-5), at the presence of Cr(III), are given in Table 1 , where the inhibited growth parameters have been measured or inferred by fitting the experimental data. The initial concentrations of biomass and carbon source were measured and the initial oxygen was calculated from equilibria at the laboratory. It is seen from Figures 1 and 2 that the growth phase of the culture (during the time of the experiment) resembles more closely to a linear than to an exponential function, possibly suggesting mass transfer limitation of oxygen during the growth process. In order to account for this limitation, a mathematical formulation is incorporated within the Monod biodegradation kinetics in accordance with Sengor et al. (2009) . As a result of this limitation, the rising optical density curve that defines growth in these experiments may have a slope that is defined not by the true specific growth rate but rather by the oxygen availability within the biomedium, and thus, D was used as a fitting parameter for the slope of the growth curve. Thus, if oxygen was treated to be non-limiting during growth, then the model-predicted growth curves would have exponential shape (not shown), instead of linear (Figures 1 and 2) . Consequently the fitting of the kinetics model was accomplished without different values of the specific growth rate per metal dose; in fact the specific growth rate was found invariant with metals dose. Thus the toxic effects of the metals may have changed the effective value of the specific growth rate; however, in light of the fact that the specific growth rates used were identical to the values used in the metal-free controls, it is clear that any such cloaked changes in the effective specific growth rate were so small that they evidently did not appreciably change the rate at which oxygen was utilized in the biodegradation. Due to the lack of carbon source measurements during the experiments (apart from the initial concentration), the yield coefficients were fitted to the data, by expressing all carbon sources in equivalent carbon mass of glucose. The value of K s was estimated from Metcalf and Eddy (2002) and the value of K o was estimated from Chen et al. (2003) and Seker et al. (1997) . It is also observed that it was the K o and not K s that was governing the biomass curve by and thus the model fit was not sensitive to K s Using the microbial lag model, the lag parameter α was fitted to data per metal but not varying between treatments, and the ramp-up interval ∆ was taken to be 4 hours for all experiments. Thus here we used only lag and yield coefficient to signal metals exposure, parsimoniously. Similarly, for the application of Cr(VI) toxicity, the kinetic parameters were measured or inferred by fitting the experimental data as described above. Both, the experimental results and the model predictions indicate a reduction of maximum biomass concentration with the increase of heavy metal concentration (Figures 1 and 2 ). This is represented through a decrease in the yield coefficient, Y (see Table 1 for Cr (III)) with increasing metal concentration. This implies that the amount of biomass produced per mass substrate drops as the biomass is exposed to higher amounts of heavy metal. This might be explained by the higher requirements for maintenance energy in the presence of heavy metals (Giller et al., 1998) or due to cell lysing as an effect of the exposure to heavy metals, as growth was measured by measuring the optical density and lysed cells do not absorb. In the first case, the microorganisms expend energy to repair the cell damages caused by the metal toxicity, or because they have to use alternative enzymatic pathways to adapt to the new environmental conditions, or in order to counterbalance osmotic requirements across cellular membranes. Thus, as the metal concentration increases, more energy is required for cell maintenance, and thus less substrate is available for microbial growth. 
Exposure of Pseudomonas sp. to Zn
The same model for biomass growth in the presence of Zn is applied to simulate the growth of Pseudomonas sp. growing on a carbon rich medium. The two out of three individual sets of trials involve microbial growth at metal free conditions and at the presence of 0.01 mM Zn(II), at ambient temperature (20 ºC). The third set involves the growth of the same microbial specie, at metal free environment, at 35 ºC (Figure 3) . The results show that there is almost nil lag time for the Pseudomonas sp. growing at 35 ºC, while approximately 10 h lag time is observed for growth at ambient temperature. The lag time increases by approximately 6 more hours when 0.01 mM Zn(II) are added in the growth medium (at ambient temperature). The lag times are obtained to be 8 and 15 h for metal-free growth and at the presence of 0.01 mM Zn(II), at ambient temperature, respectively. At metal free growth, at 35 ºC, the lag time is obtained to be zero. The increase of lag time with temperature reduction is explained by the fact that the biochemical reactions are slowed down at lower temperatures. Thus, dormant cells require more time to shift into actively growing cells. It is also seen from Figure 3 that the growth phase of Pseudomonas. sp. does not follow a definite sigmoid trend, possibly suggesting oxygen mass transfer limitation during the growth process. The model predictions also indicate that the biomass growth is controlled by the oxygen diffusion parameter, D, where the mathematical formulation is incorporated within the Monod biodegradation kinetics to account for this limitation (Equations 1-4). Therefore, here we also used only lag and yield coefficient to signal metals exposure, parsimoniously, as described for the first application in section 4.1.
The model predictions also indicate that the biodegradation reactions become inhibited at about 30 and 40 h in the presence of metal free growth at ambient temperature (20 ºC), and at metal-free at 35 ºC, respectively, which is most probably due to carbonaceous substrate limitation (as the total amount of oxygen inside the shaking flasks was enough for the complete oxidation of glucose). The model predicted substrate concentrations in the above mentioned growth cases are shown in Figure 4 , where the time of growth interception corresponds to the time of substrate depletion (Figures 3 and 4) . In the presence of 0.01 mM Zn concentration, due to the delayed response of Pseudomonas. sp., there is still some substrate available for biodegradation at the end of the experiment; and hence more potential for biomass growth, if the experiment was to be carried out for a longer time (Figures 3 and  4) . Although the substrate concentrations were not measured during the experiments, the mathematical model provides a possible explanation about the system behavior. It is seen from Figures 3 and 4 that modeling microbial lag is needed to capture the delay in biodegradation and thus without the lag model, the sequencing of the curves corresponding to each of the metal treated batch experiments would not be achieved. 
CONCLUSIONS
A microbial growth kinetic model to simulate biomass growth, substrate biodegradation and lag time in the presence of heavy metals has been proposed in accordance with (Sengor et al. in press) . In this work, the model which has been previously described by Ginn (1999) and Wood et al. (1995) , is extended by including the effect of heavy metals on the delayed microbial response to substrate appearance by developing an inhibitor-dependent metabolic potential functional to account for the metabolic state of the microorganisms. The concentration of the inhibiting heavy metal was explicitly incorporated into the metabolic potential functional. In the present study, we have used this model to describe microbial growth for a mixed culture growing on a rich carbon source and in the presence of either Cr(III) or Cr(VI), and for the growth of a monoculture of Pseudomonas sp. in the presence of metal free growth medium at ambient temperature (20 ºC), at 35 ºC and at the presence of 0.01mM at 35 ºC. The simulations suggested that oxygen was limited in all cases. This limitation was accounted through a mathematical formulation incorporated within the Monod biodegradation kinetics as described by Sengor et al. (2009) . The model effectively predicted the lag times and biomass concentration in all cases, despite the peculiar behavior of microbial growth due to oxygen limitation.
